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We revisit the cosmological and astrophysical constraints on the fraction of the dark matter in
primordial black holes (PBHs) with an extended mass function. We consider a variety of mass
functions, all of which are described by three parameters: a characteristic mass and width and a
dark matter fraction. Various observations then impose constraints on the dark matter fraction as a
function of the first two parameters. We show how these constraints relate to those for a monochro-
matic mass function, demonstrating that they usually become more stringent in the extended case
than the monochromatic one. Considering only the well-established bounds, and neglecting the ones
that depend on additional astrophysical assumptions, we find that there are three mass windows,
around 4× 10−17M, 2× 10−14M and 25− 100M, where PBHs can constitute all dark matter.
However, if one includes all the bounds, PBHs can only constitute of order 10% of the dark matter.
I. INTRODUCTION
Besides its gravitational interaction, little is known
about the nature of dark matter (DM) except that it
is dynamically “cold”. Although the cold dark matter
(CDM) is usually assumed to be some form of elemen-
tary particle [1, 2], there is still no evidence for this and
PBHs which are too large to have evaporated by now are
a possible alternative [3]. Because they form when the
baryons only comprise a small fraction of the total cosmo-
logical density [4–6], they are exempt from the Big Bang
nucleosynthesis limits on the baryonic density [7]. Being
much more massive than elementary particles, they could
also have a greater variety of observational consequences.
Indeed the PBH scenario is already severely constrained
by cosmological and astrophysical observations [8, 9].
The recent detection of gravitational waves from merg-
ing black holes with mass O(10)M by LIGO [10, 11] has
revived interest in the possibility of PBH DM [12–15].
Although the PBH coalescence rate depends on very un-
certain astrophysical parameters, explaining the observed
event rate would require the PBHs to contain at least a
substantial fraction of the DM.
This has led to a reassessment of the existing PBH
bounds in two directions. First, it has been argued that
the existing constraints on PBHs with monochromatic
mass functions can be relaxed by invoking extended mass
functions [16, 17], the latter arising naturally if the PBHs
are created from inflationary fluctuations [16–27] or some
form of cosmological phase transition [28–31]. However,
there is still no rigorous treatment of how to apply the
PBH bounds for an extended mass function and different
analyses have led to different conclusions. For example,
Ref. [9] concludes that intermediate mass PBHs could
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provide the DM, whereas Refs. [32] and [33] reach the
opposite conclusion. Second, there have been revisions
to the constraints themselves, with some previous bounds
being weakened (e.g. those associated with accretion [34–
37]) and some new bounds being added. Indeed, the
constraints are being constantly revised and the recent
review of Ref. [9] already needs to be updated.
Currently there is no comprehensive study which com-
bines these two approaches. In this paper, we fill
this gap by presenting a general method for analysing
the latest PBH constraints over the broad mass range
10−18 − 104M and applying them to an extended PBH
mass function.
It should be stressed that PBHs could play an impor-
tant cosmological role even if they have much less than
the DM density. For example, they could be useful in
explaining the rapid structure formation at small cosmo-
logical scales, provide seeds for supermassive black holes
or galaxies and explain other unsolved astrophysical and
cosmological puzzles [38, 39]. This underlines the im-
portance of knowing how the PBH density is distributed
between different masses.
II. CONSTRAINTS ON MONOCHROMATIC
PBH MASS FUNCTION
The main constraints on a PBH population derive from
PBH evaporations, various gravitational lensing experi-
ments, neutron star capture, numerous dynamical effects,
and PBH accretion. The form of these constraints for a
monochromatic PBH mass function is indicated in the
upper left panel of Fig. 1, together with relevant refer-
ences. It must be stressed that these constraints depend
on various cosmological and astrophysical assumptions,
as well as unknown black hole physics. We therefore list
these uncertainties explicitly.
The constraints on PBH evaporation via Hawking ra-
diation [50] depend on the observed extragalactic photon
flux intensity, I ∝ E−1−, where E is the photon energy
and  parametrizes the spectral tilt [9]. There is some
uncertainty in this parameter, so we present our results
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FIG. 1. Upper left panel: Constraints from different observations on the fraction of PBH DM, fPBH ≡ ΩPBH/ΩDM, as a function
of the PBH mass Mc, assuming a monochromatic mass function. The purple region on the left is excluded by evaporations [8],
the red region by femtolensing of gamma-ray bursts (FL) [40], the brown region by neutron star capture (NS) for different
values of the dark matter density in the cores of globular clusters [41], the green region by white dwarf explosions (WD) [42],
the blue, violet, yellow and purple regions by the microlensing results from Subaru (HSC) [43], Kepler (K) [44], EROS [45] and
MACHO (M) [46], respectively. The dark blue, orange, red and green regions on the right are excluded by Planck data [36],
survival of stars in Segue I (Seg I) [47] and Eridanus II (Eri II) [48], and the distribution of wide binaries (WB) [49], respectively.
The black dashed and solid lines show, respectively, the combined constraint with and without the constraints depicted by the
colored dashed lines. Other panels: Same as the upper left panel but for a lognormal PBH mass function with σ = 2 (upper
right) and for a power-law PBH mass function with γ = −1 (lower left) and γ = 1 (lower right).
for the two extreme cases,  = 0.4 (solid purple line) [51]
and  = 0.1 (dotted purple line) [52].
The Cosmic Microwave Background (CMB) anisotropy
constraints on PBH accretion are subject to uncertain-
ties in the accretion process and its effect on the thermal
history of the universe at early times. To account for
this, we show the bounds for both collisional ionisation
(solid dark blue line) and photoionisation (dotted dark
blue line) [36]. Recently, another sort of accretion limit
has been obtained in the mass range from a few to 107M
on the grounds that PBH accretion from the interstellar
medium should result in a significant population of X-ray
sources [53]. Indeed, several earlier papers have consid-
ered such a limit [54, 55]. However, all these limits are
very dependent on the accretion scenario and are there-
fore not shown.
Lensing is the only phenomenon which has been
claimed to provide positive evidence for PBHs. For ex-
ample, the results of the MACHO project – searching for
microlensing of stars in the Magellanic clouds – originally
suggested halo DM in the form of 0.5M objects [56]
and these could plausibly be PBHs formed at the quark-
hadron phase transition at 10−5s. However, the DM frac-
tion was later reduced to 20% [57]. The interpretation
of the MACHO results – and also the EROS and OGLE
results – is very sensitive to the properties of the Milky
3Way halo. In particular, it has been argued that the
recent low-mass Galactic halo models would relax the
constraints and allow the halo to consist entirely of so-
lar mass PBHs [58]. Where only a constraint is claimed,
rather than a positive detection, it is important to specify
the associated confidence level (CL). For all lensing con-
straints shown in Fig. 1, we use the 95% CL constraint
given in Refs. [43–46].
There is also positive evidence for microlensing from
quasar observations, these indicating that 20% of the
total mass is in compact objects in the mass range
0.05−0.45M [59]. This is compatible with the expected
characteristics of the stellar component and the observa-
tions may also exclude a significant population of PBHs
outside this mass range. However, this constraint is not
used in our analysis because it is difficult to express the
result of Ref. [59] as a quantitative upper bound on the
PBH mass fraction. This conclusion may also conflict
with recent claim that long-term radio variability in the
light-curves of active galactic nuclei (AGN) arises from
gravitational millilensing of features in AGN jets [60].
This claim could imply that the DM is either individual
black holes of mass 103− 106M or clusters of this mass
comprising smaller black holes.
In the latter context, additional relaxing of constraints
would apply if the PBHs were spatially clustered into
sub-haloes. As stressed in Ref. [14], this is expected if
PBHs are part of a larger-scale overdense region. How-
ever, this effect depends on details of small-scale struc-
ture formation which are not fully understood, so we sim-
ply adopt the results presented in the current literature.
Observations of neutron stars limits the PBH abun-
dance and indeed it has been claimed that this excludes
PBH DM over a wide range of masses. However, these
limits are dependent on the DM density in the cores
of globular clusters, which is very uncertain. Following
Ref. [41], the neutron star capture constraint is presented
for three values of this density (dashed and dot-dashed
yellow lines).
It must be stressed that the constraints in Fig. 1
have varying degrees of certainty and they all come with
caveats. For some, the observations are well understood
(e.g. the CMB and gravitational lensing data) but there
are uncertainties in the black hole physics. For others,
the observations themselves are not fully understood or
depend upon additional astrophysical assumptions. To
address the associated uncertainties in a systematic way,
we split the constraints into two classes. The first class,
presented in Fig. 1 by solid lines, are relatively robust,
while the second class, presented by dashed lines, are
somewhat less firm and depend upon astrophysical pa-
rameters. In particular, this applies to most of the dy-
namical and accretion constraints (e.g. those associated
with dwarf galaxies, wide binaries and neutron stars).
However, we stress that this division is not completely
clear-cut. In the following, we present our results for the
two classes of constraints both separately and together.
III. CONSTRAINTS ON EXTENDED PBH
MASS FUNCTION
If the PBHs span an extended range of masses, the
mass function is usually written as dn/dM where dn is
the number density of PBHs in the mass range (M,M +
dM). For our purposes it is more convenient to introduce
the function
ψ(M) ∝M dn
dM
, (1)
normalised so that the fraction of the DM in PBHs is
fPBH ≡ ΩPBH
ΩDM
=
∫
dM ψ(M) , (2)
where ΩPBH and ΩDM ≈ 0.25 are the PBH and DM den-
sities in units of the critical density. The lower cut-off
in the mass integral necessarily exceeds M∗ ≈ 4× 1014g,
the mass of the PBHs evaporating at the present epoch
[8]. Note that ψ(M) is the distribution function of logM
and has units [mass]−1.
In this paper we consider three types of mass function.
1. A lognormal mass function of the form:
ψ(M) =
fPBH√
2piσM
exp
(
− log
2(M/Mc)
2σ2
)
, (3)
where Mc is the mass at which the function Mψ(M)
peaks and σ is the width of the spectrum. This was
first suggested in Ref. [61] and is often a good approx-
imation if the PBHs result from a smooth symmetric
peak in the inflationary power spectrum. This was
demonstrated numerically in Ref. [32] and analytically
in Ref. [27] for the case in which the slow-roll approx-
imation holds. It is therefore representative of a large
class of extended mass functions. Note that the log-
normal mass function used in Refs. [32, 33, 62] omits
the M−1 term in Eq. (3). In this case, the position
of the peak of Mψ(M) is no longer Mc but e
σ2Mc.
The form (3) is more useful for our purposes because
Mψ(M) relates to the DM fraction in PBHs of mass
M .
2. A power-law mass function of the the form
ψ(M) ∝Mγ−1 (Mmin < M < Mmax) . (4)
For γ 6= 0, either the lower or upper cut-off can be
neglected if Mmin  Mmax, so this scenario is ef-
fectively described by two parameters. Only in the
γ = 0 case are both cut-offs necessary. For example,
a mass function of this form arises naturally if the
PBHs form from scale-invariant density fluctuations
or from the collapse of cosmic strings. In both cases,
γ = −2w/(1 + w), where w specifies the equation of
state, p = wρ, when the PBHs form [6]. In a non-
inflationary universe, w ∈ (−1/3, 1) and so the natu-
ral range of the mass function exponent is γ ∈ (−1, 1).
4Equation (4) is not applicable for w ∈ (−1,−1/3), cor-
responding to γ ∈ (1,∞), because PBHs do not form
during inflation but only after it as a result of inflation-
generated density fluctuations. Special consideration
is also required in the w = 0 (matter-dominated)
case [63, 64], because then both cut-offs in (4) can
be relevant and this is discussed elsewhere [65]. In the
following analysis we will consider both positive and
negative values for γ but not zero.
3. A critical collapse mass function [66–69]:
ψ(M) ∝M2.85 exp(−(M/Mf )2.85) , (5)
which may apply generically if the PBHs form from
density fluctuations with a δ-function power spectrum.
In this case, the mass spectrum extends down to ar-
bitrarily low masses but there is an exponential upper
cut-off at a mass-scale Mf which corresponds roughly
to the horizon mass at the collapse epoch. If the den-
sity fluctuations are themselves extended, as expected
in the inflationary scenario, then Eq. (5) must be mod-
ified [9]. Indeed, the lognormal distribution may then
be appropriate. So although the mass function (5) is
described by a single parameter, two may be required
in the more realistic critical collapse situation.
To compare with the lognormal case, we describe the
mass function in the last two cases by the mean and
variance of the logM distribution:
logMc ≡ 〈logM〉ψ, σ2 ≡ 〈log2M〉ψ − 〈logM〉2ψ , (6)
where 〈X〉ψ ≡ f−1PBH
∫
dM ψ(M)X(M). For a power-law
distribution these are
Mc = Mcute
− 1γ , σ =
1
|γ| , (7)
where Mcut stands for max(Mmin,M∗) if γ < 0 or Mmax
if γ > 0. For the critical-collapse distribution (5), the
exponential cut-off is very sharp, so the mass function
is well approximated by a power law distribution with
γ = 3.85 and Mmax ≈ Mf . As it is relatively narrow,
Eq. (7) implying σ = 0.26, even the monochromatic mass
function provides a good fit. Since critical collapse should
be a fairly generic feature of PBH formation, σ = 0.26
will usually provide a lower limit to the width of the mass
function. However, critical collapse may not be relevant
in all cases, for example in the cosmic string or matter-
dominated (w = 0) scenarios.
It should be stressed that two parameters should al-
ways suffice to describe the PBH mass function locally
(i.e. close to a peak) since this just corresponds to the
first two terms in a Taylor expansion. However, in prin-
ciple the mass function could be more complicated than
this. For example, depending on the form of the inflaton
potential, it could have several distinct peaks. Indeed,
with a sufficiently contrived form, these peaks could be
tuned to exactly match all the constraint windows.
The existing constraints on the allowed fraction of
PBH DM are commonly presented assuming a monochro-
matic mass function (presented in the upper panel of
Fig. 1). In the following we introduce a simple method
for generalising these results to arbitrary mass functions.
For this purpose, consider an astrophysical observable
A[ψ(M)] depending on the PBH abundance (e.g. the
number of microlensing events of given duration in a
given time interval). It can generally be expanded as
A[ψ(M)] = A0 +
∫
dM ψ(M)K1(M)
+
∫
dM1dM2 ψ(M1)ψ(M2)K2(M1,M2) + . . . ,
(8)
where A0 is the background contribution and the func-
tions Kj depend on the details of the underlying physics
and the nature of the observation. If PBHs of different
mass contribute independently to the observable, only
the first two terms in Eq. (8) need to be considered. Ex-
plicit expressions are given for lensing and survival of
stars in Ref. [32], evaporation in Ref. [9], and neutron
star capture and accretion in Ref. [33]. In this case, if a
measurement puts an upper bound on the observable,
A[ψ(M)] ≤ Aexp, (9)
then for a monochromatic mass function with M = Mc,
ψmon(M) ≡ fPBH(Mc)δ(M −Mc), (10)
this translates to
fPBH(Mc) ≤ Aexp −A0
K1(Mc)
≡ fmax(Mc) . (11)
The function fmax(M) corresponds to the maximum
observationally allowed fraction of DM in PBHs for a
monochromatic mass distribution. Combining Eqs. (8)–
(11) then yields ∫
dM
ψ(M)
fmax(M)
≤ 1 . (12)
Once fmax is known, it is possible to apply Eq. (12) for an
arbitrary mass function ψ(M) to obtain the constraints
equivalent to those for a monochromatic mass function.
In detail the procedure is as follows. We first inte-
grate Eq. (12) over the mass range (M1,M2) for which
the constraint applies, assuming a particular function
ψ(M ; fPBH,Mc, σ). Once we have specified M1 and M2,
this constrains fPBH as a function of Mc and σ. (In all
cases except lensing, we take the integral limits to be the
values of M for which fmax = 100.) The last three pan-
els in Fig. 1 are then derived by assuming σ = 2 for the
lognormal mass function (upper right panel) and γ = ±1
for the power law mass function (lower panels).
The procedure must be implemented separately for
each observable. As shown in the Appendix, different
constraints can be combined by using the relation
N∑
j=1
(∫
dM
ψ(M)
fmax,j(M)
)2
≤ 1 , (13)
5where fmax,j(M) correspond to the different bounds for
a monochromatic mass function, as defined by Eq. (11).
Most of the constraints shown in Fig. 1 rely on a sin-
gle observable. For lensing this is the number of lensing
events [40, 43, 45, 46], for neutron star capture it is the
age of neutron stars [41], and for white dwarfs and wide
binaries it is their abundance [42, 49].
However, some monochromatic constraints reported in
the literature contain contributions from multiple observ-
ables. For example, consider the Planck constraint of
Ref. [36]. Earlier analyses calculated the optical depth
from the CMB data and used that to constrain the PBH
abundance [34, 35]. In this case, there is only one ob-
servable, the optical depth, and Eq. (12) is applicable.
However, the constraint from CMB anisotropies calcu-
lated in Ref. [36] combines experimental data at various
multipole moments by performing a χ2 analysis for fPBH
using the CMB data. It is shown in the Appendix that
using the combined bound fmax,CMB(M) in Eq. (12), in-
stead of considering the contributions from different mul-
tipoles separately, will result in a more stringent con-
straint. However, since the mass dependence of the PBH
contribution is expected to be roughly proportional for
different multipoles [36], the error should be small com-
pared to the theoretical uncertainties, shown in Fig. 1,
associated with PBH accretion physics. To accurately
estimate the size of this error, one should repeat the anal-
ysis of Ref. [36] for each mass function separately, which
is beyond the scope of this work.
The important qualitative point is that the form of
Fig. 1 in the non-monochromatic case is itself dependent
on the PBH mass function. One cannot just compare
a predicted extended mass function with the monochro-
matic form of the constraints, as some authors have done.
In displaying the constraints, one also needs to select
values of the parameters which describe the mass func-
tion. In both the lognormal and power-law cases, we have
taken these to be σ and Mc. For the critical collapse
model, there is only one parameter (Mf ) but this model
is practically indistinguishable from the monochromatic
one because only a small fraction of the PBH density is
associated with the low-mass tail. So this case is not
shown explicitly.
We now discuss some caveats that have to be kept in
mind when applying Eq. (12). The mass function evolves
in time if the PBH merge or if new black holes are created.
This can have an important impact on the constraints.
For example, if mergers between recombination and the
present are significant, the accretion constraints will be
relaxed, since the mass function at recombination would
have peaked at a lower mass than today. A period of
merging after recombination is not implausible, as this
would be induced by the small-scale density fluctuations
which are likely to accompany PBH production [4, 5].
We next discuss the effect of the higher order terms in
(8) since these can induce errors in Eq. (12). These terms
become relevant if the contribution of a black hole popu-
lation with a given mass is influenced by the presence of
another black hole population with a different mass. For
example, the non-detection of a stochastic gravitational
wave background from PBH binaries may constrain the
PBH abundance in the near future [70]. This constraint
depends on the K2 term in Eq. (8) and it may also de-
pend on K3 if the formation of PBH binaries depends on
3-body effects [71].
In some cases, it is possible to remove the higher order
terms by introducing an ‘effective’ mass function. For ex-
ample, compact gravitationally bound systems (such as
binaries) may behave as a single objects in the context of
lensing. Consider an idealised scenario in which the ob-
servable depends purely on the total mass of the object,
so that Kn(M1,M2, . . . ,Mn) = Kn(M1 +M2 + . . .+Mn),
but is otherwise independent of the composition, so that
Kn ∝ K1. If we additionally assume that the mass
function within these compact bound systems follows the
overall mass mass function, we obtain
A[ψ(M)] ≈ A0 +
∫
dM K1(M)ψeff(M) . (14)
Here the effective mass function is given by
ψeff(M) =
∑
n
αnψn(M) , (15)
where αn relates to the fraction of n-body bound objects,
ψn(M) ≡
∫ n∏
i=1
dMiψ(Mi)δ(M − ΣMi) , (16)
and the effective mass function ψeff has to satisfy the
normalisation condition fPBH ≤ 1. The constraints
for the general and monochromatic mass functions are
still related by (12) but likely overestimate the allowed
PBH mass since ψeff(M) is always shifted towards higher
masses. In principle, all the constraints discussed below
and shown in our figures relate to the effective mass func-
tions, which can be different for different constraints.
It is also possible that the mass function is position-
dependent. This is expected in dwarf galaxies because
mass segregation causes lighter PBHs to migrate out-
wards, with the heavier ones occupying the central re-
gion. This will introduce corrections for constraints aris-
ing from the evolution of stars in the Galaxy [47, 48].
Again, it might be possible to invoke an effective mass
function ψeff that only accounts for the heavier PBHs.
However, an estimate of this effect requires detailed nu-
merical simulations which are beyond the scope of this
work.
IV. RESULTS AND DISCUSSION
Our main results are presented in Fig. 2, where we
show constraints on the maximum allowed fraction of
PBH DM, fmax, in the (Mc, σ) plane for lognormal and
power-law PBH mass functions. In the upper right panel
6-15 -10 -5 0
0
1
2
3
4
5
6
log10(Mc /M⊙)
σ
lognormal
-15 -10 -5 0
0
1
2
3
4
5
6
log10(Mc /M⊙)
σ
lognormal, all constraints
-15 -10 -5 0
0
1
2
3
4
5
6
log10(Mc /M⊙)
σ
power law, γ<0
-15 -10 -5 0
0
1
2
3
4
5
6
log10(Mc /M⊙)
σ
power law, γ>0
log10fmax
-3.0
-2.5
-2.0
-1.5
-1.0
-0.5
0
FIG. 2. Upper panels: Combined observational constraints on Mc and σ for a lognormal PBH mass function. The color coding
shows the maximum allowed fraction of PBH DM. In the white region log10 fmax < −3, while the solid, dashed, dot-dashed
and dotted contours correspond to fmax = 1, fmax = 0.5, fmax = 0.2 and fmax = 0.1, respectively. In the left panel only the
constraints depicted by the solid lines in Fig. 1 are included, whereas the right panel includes all the constraints. Lower panels:
Same as the upper left panel but for a power-law mass function with γ < 0 (left) and γ > 0 (right).
all the constraints shown in Fig. 1 are considered, us-
ing the most restrictive forms for the evaporation, ac-
cretion and neutron star constraints, as depicted by the
dotted lines. In the other panels only the constraints
corresponding to the solid lines are taken into account.
We have combined the constraints using Eq. (13). The
black lines in Fig. 1 correspond to constant σ slices in
Fig. 2. The regions where 10%, 20%, 50% and 100% of
DM can consist of PBHs are indicated in Fig. 2 by the
dotted, dot-dashed, dashed and solid lines, respectively,
while less than 0.1% of the DM can be in PBHs in the
white region.
The shape of the constraints in Fig. 2 makes it clear
that the allowed mass range for fixed fPBH decreases with
increasing the width σ, thus ruling out the possibility of
evading the constraints by simply extending the mass
function. Moreover, Fig. 2 gives an upper bound σ . 1 if
all dark matter is in the form of PBHs. This implies |γ| &
1, which effectively rules out PBH DM from the collapse
of cosmic strings or scale-invariant density fluctuations.
Our results agree with the conclusions of Refs. [32, 33,
62]. However, Refs. [32, 62] focus on PBHs in the so-
lar to intermediate mass range, considering microlensing
and dynamical constraints from Eridanus II. Ref. [33]
performs a more comprehensive analysis, covering the
mass range 10−18 − 104M, but their study does not in-
clude the recent constraint from Subaru Hyper Suprime-
Cam [43] and they calculate the Planck constraint as in
Ref. [35], resulting in a more stringent constraint than
the one from Ref. [36] used in this work. Also they use
the potential SKA pulsar timing constraints [72], even
though these are not yet realised. Some of the difference
between our figures and those in Refs. [32, 33, 62] results
from the difference in the definition of Mc.
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The same conclusion can be drawn if one compares the
constraints presented in the upper left and right panels
of Fig. 1. In the latter case, we show the corresponding
(fPBH,Mc) constraints for extended mass functions with
fixed width. The effect of the extension is to ‘smooth’ the
constraints. Although the most restrictive constraints
for the PBH fraction are weakened, it can be seen that
the regions allowing a relatively large PBH fraction are
reduced. So the constraints become wider, as indicated in
Fig. 1. We conclude that previous claims in the literature
that wide mass functions allow one to avoid PBH bounds
are premature and not supported by our more rigorous
computations.
The shape of the colored region of Fig. 2 can be un-
derstood as follows: The lognormal mass function is sym-
metric in the logM scale, while the power law with γ < 0
has a high-mass tail and γ > 0 is skewed towards low
masses. Since the evaporation constraint [9] is much
stronger than the accretion one [8], the low-mass tail ex-
cludes wider mass functions, whereas γ < 0 allows it.
There are three regions in the upper left panel of Fig. 2
where all DM can consist of PBHs. Two of them are at
very low mass, just above the evaporation limit, and the
third is in the mass window relevant for the LIGO black
hole coalescence events. However, this neglects the dy-
namical constraints, shown by the dashed lines in Fig. 1.
As explained above, this might be justified for reasons as-
sociated with the dynamics of the observed astrophysical
systems.
To clarify what role different constraints play in the
regions of interest, we present these regions in detail in
Fig. 3 for ΩPBH = ΩDM. The masses 25 − 100M sat-
isfy the microlensing and accretion constraints but con-
flict with dynamical constrains from ultra-faint dwarfs
and wide binaries. At the lower mass end, there is a
narrow window around 4×10−17M if we assume a con-
servative bound from evaporations and another window
around 2× 10−14M if the dynamical constrains associ-
ated with neutron stars and white dwarfs are neglected.
Both masses are in the asteroid range. If all the con-
straints are taken into account, the maximally allowed
fraction of PBH DM is 13% in the high mass window
and 30% and 15% in the two low mass windows, respec-
tively. Note that whether the DM can be in PBHs in
the asteroid window is sensitive to the form of the PBH
evaporation limit and this depends on the precise form
of the extragalactic γ-ray background.
V. CONCLUSIONS
We have studied the constraints on PBH DM with an
extended mass function, presenting a general method for
extracting these constraints from those for monochro-
matic PBH mass functions and discussing possible
caveats associated with their interpretation. Our com-
putations cover the broad mass range 10−18 − 104M
and show that extended mass functions do not generally
alleviate the already existing constraints on the PBH DM
fraction, because the allowed fraction decreases with in-
creasing the width of the mass function. We have identi-
fied three mass windows where an appreciable fraction of
DM can still consist of PBHs: 4×10−17M, 2×10−14M
and 25 − 100M. If all the constraints discussed in the
literature are taken at face value and treated on an equal
footing, then at most O(10%) of DM can be in PBHs.
However, if some of the dynamical constraints can be
circumvented, then 100% PBH DM might be allowed in
these windows. Even O(10%) DM in the O(10)M win-
dow might suffice to explain the LIGO events.
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Appendix: Combined constraints
In this appendix we describe how different constraints
can be combined. Consider N independent observables
Aj(fPBH) with observed expectation values µj and vari-
ances σ2j . The χ
2 for these observables is
χ2(fPBH) =
N∑
j=1
(Aj(fPBH)− µj)2
σ2j
. (A.1)
We assume that the observables Aj(fPBH) are linear in
the mass function, so that only the first two terms in (8)
are relevant, and that the mean values coincide with
fPBH = 0, which implies µj = A0,j . Since ψ ∝ fPBH,
the nσ constraint on fPBH is then
n2 ≥ χ2−χ2min =
N∑
j=1
(∫
dMψ(M)
K1,j(M)
σj
)2
, (A.2)
where χmin is the minimum of χ. As in Eq. (11), the
kernel K1,j can be extracted from the constraint for a
monochromatic mass function if N = 1. This corre-
sponds to
fPBH(M) ≤ nσj
K1,j(M)
≡ fmax,j(M) . (A.3)
It follows that Eq. (A.2) can be recast as
N∑
j=1
(∫
dM
ψ(M)
fmax,j(M)
)2
≤ 1 . (A.4)
Note that the upper bound in Eq. (9) is Aexp,j = A0,j +
nσj , where nσj is the confidence level of the bound.
Consider then the combined constraint for a monochro-
matic mass function, which from Eq. (A.4) can be ex-
pressed as
fmax(M) =
 N∑
j=1
fmax,j(M)
−2
−1/2 . (A.5)
Using this in Eq. (12) will always lead to an overestima-
tion of the actual constraint given by (A.4) because the
triangle inequality implies
N∑
j=1
(∫
dM
ψ(M)
fmax,j(M)
)2
≤
(∫
dM
ψ(M)
fmax(M)
)2
.
(A.6)
For a more precise estimate, the contribution of each ob-
servable has to be included separately for any constraint
derived from multiple observables. However, if the con-
straints fmax,j(M) are proportional to each other, the
expressions (A.4) and (12) are equivalent, so no error is
made.
[1] G. Jungman, M. Kamionkowski, and K. Griest, Phys.
Rept. 267, 195 (1996), arXiv:hep-ph/9506380 [hep-ph].
[2] G. Bertone, D. Hooper, and J. Silk, Phys. Rept. 405,
279 (2005), arXiv:hep-ph/0404175 [hep-ph].
[3] G. Chapline and P. H. Frampton, JCAP 1611, 042
(2016), arXiv:1608.04297 [gr-qc].
[4] S. Hawking, Mon. Not. Roy. Astron. Soc. 152, 75 (1971).
[5] B. J. Carr and S. W. Hawking, Mon. Not. Roy. Astron.
Soc. 168, 399 (1974).
[6] B. J. Carr, Astrophys. J. 201, 1 (1975).
[7] G. F. Chapline, Nature 253, 251 (1975).
[8] B. J. Carr, K. Kohri, Y. Sendouda, and J. Yokoyama,
Phys. Rev. D81, 104019 (2010), arXiv:0912.5297 [astro-
ph.CO].
[9] B. Carr, F. Kuhnel, and M. Sandstad, Phys. Rev. D94,
083504 (2016), arXiv:1607.06077 [astro-ph.CO].
[10] B. P. Abbott et al. (Virgo, LIGO Scientific), Phys. Rev.
Lett. 116, 061102 (2016), arXiv:1602.03837 [gr-qc].
[11] B. P. Abbott et al. (Virgo, LIGO Scientific), Phys. Rev.
Lett. 116, 241103 (2016), arXiv:1606.04855 [gr-qc].
[12] A. Kashlinsky, Astrophys. J. 823, L25 (2016),
arXiv:1605.04023 [astro-ph.CO].
[13] S. Bird, I. Cholis, J. B. Mun˜oz, Y. Ali-Ha¨ımoud,
M. Kamionkowski, E. D. Kovetz, A. Raccanelli, and
A. G. Riess, Phys. Rev. Lett. 116, 201301 (2016),
arXiv:1603.00464 [astro-ph.CO].
[14] S. Clesse and J. Garc´ıa-Bellido, Phys. Dark Univ. 10, 002
(2016), arXiv:1603.05234 [astro-ph.CO].
[15] M. Sasaki, T. Suyama, T. Tanaka, and S. Yokoyama,
Phys. Rev. Lett. 117, 061101 (2016), arXiv:1603.08338
[astro-ph.CO].
[16] S. Clesse and J. Garc´ıa-Bellido, Phys. Rev. D92, 023524
(2015), arXiv:1501.07565 [astro-ph.CO].
[17] K. Inomata, M. Kawasaki, K. Mukaida, Y. Tada, and
T. T. Yanagida, (2017), arXiv:1701.02544 [astro-ph.CO].
[18] B. J. Carr, J. H. Gilbert, and J. E. Lidsey, Phys. Rev.
D50, 4853 (1994), arXiv:astro-ph/9405027 [astro-ph].
[19] J. Garcia-Bellido, A. D. Linde, and D. Wands, Phys.
9Rev. D54, 6040 (1996), arXiv:astro-ph/9605094 [astro-
ph].
[20] M. Kawasaki, N. Sugiyama, and T. Yanagida, Phys. Rev.
D57, 6050 (1998), arXiv:hep-ph/9710259 [hep-ph].
[21] J. Yokoyama, Phys. Rev. D58, 083510 (1998),
arXiv:astro-ph/9802357 [astro-ph].
[22] K. Kohri, D. H. Lyth, and A. Melchiorri, JCAP 0804,
038 (2008), arXiv:0711.5006 [hep-ph].
[23] P. H. Frampton, M. Kawasaki, F. Takahashi, and T. T.
Yanagida, JCAP 1004, 023 (2010), arXiv:1001.2308
[hep-ph].
[24] M. Drees and E. Erfani, JCAP 1104, 005 (2011),
arXiv:1102.2340 [hep-ph].
[25] J. Garcia-Bellido and E. Ruiz Morales, (2017),
arXiv:1702.03901 [astro-ph.CO].
[26] N. Orlofsky, A. Pierce, and J. D. Wells, Phys. Rev. D95,
063518 (2017), arXiv:1612.05279 [astro-ph.CO].
[27] K. Kannike, L. Marzola, M. Raidal, and H. Veerma¨e,
(2017), arXiv:1705.06225 [astro-ph.CO].
[28] M. Crawford and D. N. Schramm, Nature 298, 538
(1982).
[29] S. W. Hawking, I. G. Moss, and J. M. Stewart, Phys.
Rev. D26, 2681 (1982).
[30] M. Yu. Khlopov, Res. Astron. Astrophys. 10, 495 (2010),
arXiv:0801.0116 [astro-ph].
[31] K. M. Belotsky, A. D. Dmitriev, E. A. Esipova, V. A.
Gani, A. V. Grobov, M. Yu. Khlopov, A. A. Kirillov,
S. G. Rubin, and I. V. Svadkovsky, Mod. Phys. Lett.
A29, 1440005 (2014), arXiv:1410.0203 [astro-ph.CO].
[32] A. M. Green, Phys. Rev. D94, 063530 (2016),
arXiv:1609.01143 [astro-ph.CO].
[33] F. Kuhnel and K. Freese, (2017), arXiv:1701.07223
[astro-ph.CO].
[34] M. Ricotti, J. P. Ostriker, and K. J. Mack, Astrophys.
J. 680, 829 (2008), arXiv:0709.0524 [astro-ph].
[35] L. Chen, Q.-G. Huang, and K. Wang, JCAP 1612, 044
(2016), arXiv:1608.02174 [astro-ph.CO].
[36] Y. Ali-Ha¨ımoud and M. Kamionkowski, (2016),
arXiv:1612.05644 [astro-ph.CO].
[37] D. Aloni, K. Blum, and R. Flauger, (2016),
arXiv:1612.06811 [astro-ph.CO].
[38] J. Garc´ıa-Bellido, (2017), arXiv:1702.08275 [astro-
ph.CO].
[39] B. Carr and J. Silk, In preparation (2017).
[40] A. Barnacka, J. F. Glicenstein, and R. Moderski,
Phys. Rev. D86, 043001 (2012), arXiv:1204.2056 [astro-
ph.CO].
[41] F. Capela, M. Pshirkov, and P. Tinyakov, Phys. Rev.
D87, 123524 (2013), arXiv:1301.4984 [astro-ph.CO].
[42] P. W. Graham, S. Rajendran, and J. Varela, Phys. Rev.
D92, 063007 (2015), arXiv:1505.04444 [hep-ph].
[43] H. Niikura, M. Takada, N. Yasuda, R. H. Lupton,
T. Sumi, S. More, A. More, M. Oguri, and M. Chiba,
(2017), arXiv:1701.02151 [astro-ph.CO].
[44] K. Griest, A. M. Cieplak, and M. J. Lehner, Astrophys.
J. 786, 158 (2014), arXiv:1307.5798 [astro-ph.CO].
[45] P. Tisserand et al. (EROS-2), Astron. Astrophys. 469,
387 (2007), arXiv:astro-ph/0607207 [astro-ph].
[46] R. A. Allsman et al. (Macho), Astrophys. J. 550, L169
(2001), arXiv:astro-ph/0011506 [astro-ph].
[47] S. M. Koushiappas and A. Loeb, (2017),
arXiv:1704.01668 [astro-ph.GA].
[48] T. D. Brandt, Astrophys. J. 824, L31 (2016),
arXiv:1605.03665 [astro-ph.GA].
[49] M. A. Monroy-Rodr´ıguez and C. Allen, Astrophys. J.
790, 159 (2014), arXiv:1406.5169 [astro-ph.GA].
[50] S. W. Hawking, Nature 248, 30 (1974).
[51] A. W. Strong, I. V. Moskalenko, and O. Reimer, Astro-
phys. J. 613, 956 (2004), arXiv:astro-ph/0405441 [astro-
ph].
[52] P. Sreekumar et al. (EGRET), Astrophys. J. 494, 523
(1998), arXiv:astro-ph/9709257 [astro-ph].
[53] Y. Inoue and A. Kusenko, (2017), arXiv:1705.00791
[astro-ph.CO].
[54] B. Carr, Mon. Not. Roy. Astron. Soc. 189, 123 (1979).
[55] D. Gaggero, G. Bertone, F. Calore, R. M. T. Con-
nors, M. Lovell, S. Markoff, and E. Storm, (2016),
arXiv:1612.00457 [astro-ph.HE].
[56] C. Alcock et al. (MACHO), Astrophys. J. 486, 697
(1997), arXiv:astro-ph/9606165 [astro-ph].
[57] C. Alcock et al. (MACHO), Astrophys. J. 542, 281
(2000), arXiv:astro-ph/0001272 [astro-ph].
[58] M. R. S. Hawkins, Astron. Astrophys. 575, A107 (2015),
arXiv:1503.01935.
[59] E. Mediavilla, J. Jimnez-Vicente, J. A. Muoz, H. Vives-
Arias, and J. Caldern-Infante, Astrophys. J. 836, L18
(2017), arXiv:1702.00947 [astro-ph.GA].
[60] H. K. Vedantham et al., (2017), arXiv:1702.06582 [astro-
ph.HE].
[61] A. Dolgov and J. Silk, Phys. Rev. D47, 4244 (1993).
[62] B. Horowitz, (2016), arXiv:1612.07264 [astro-ph.CO].
[63] M. Yu. Khlopov and A. G. Polnarev, Phys. Lett. B97,
383 (1980).
[64] A. G. Polnarev and M. Yu. Khlopov, Sov. Phys. Usp. 28,
213 (1985), [Usp. Fiz. Nauk145,369(1985)].
[65] B. Carr, T. Tenkanen, and V. Vaskonen, (2017),
arXiv:1706.03746 [astro-ph.CO].
[66] J. Yokoyama, Phys. Rev. D58, 107502 (1998), arXiv:gr-
qc/9804041 [gr-qc].
[67] J. C. Niemeyer and K. Jedamzik, Phys. Rev. D59,
124013 (1999), arXiv:astro-ph/9901292 [astro-ph].
[68] I. Musco and J. C. Miller, Class. Quant. Grav. 30, 145009
(2013), arXiv:1201.2379 [gr-qc].
[69] B. J. Carr, K. Kohri, Y. Sendouda, and J. Yokoyama,
Phys. Rev. D94, 044029 (2016), arXiv:1604.05349 [astro-
ph.CO].
[70] S. Wang, Y.-F. Wang, Q.-G. Huang, and T. G. F. Li,
(2016), arXiv:1610.08725 [astro-ph.CO].
[71] K. Ioka, T. Chiba, T. Tanaka, and T. Nakamura, Phys.
Rev.D58, 063003 (1998), arXiv:astro-ph/9807018 [astro-
ph].
[72] K. Schutz and A. Liu, Phys. Rev. D95, 023002 (2017),
arXiv:1610.04234 [astro-ph.CO].
